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Using a procedure to minimize the total Helmholtz free energy of a system 
composed of an idealized substrate, a collection of surface clusters, and a 
vapor in contact  with the surface, an expression is derived for the con- 
centration of clusters of a given size on the substrate. The result is based on 
several assumptions about  the system, the most important  being that the 
surface clusters do not interact and that  the substrate remains intact. The 
expression for the concentrat ion of surface clusters together with the 
conventional form for the growth rate of clusters on a surface can be used 
to calculate surface nucleation rates. 
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1. I N T R O D U C T I O N  

T h e  n o n k i n e t i c  t h e o r y  f o r  n u c l e a t i o n  o n  su r f aces  h a s  b e e n  a p p r o a c h e d  in 

g e n e r a l  f r o m  t w o  p o i n t s  o f  v i ew:  (1) t h a t  t h e  c r i t i ca l  c l u s t e r  size is s m a l l  a n d  

a t w o - d i m e n s i o n a l  a t o m i s t i c  m o d e l  app l i e s ,  ~1'2~ a n d  (2) t h a t  t he  c lus te r s  a re  

so  l a rge  (o r  t he  m o l e c u l a r  p r o p e r t i e s  so u n w i e l d y )  t h a t  t h e  c lu s t e r s  a re  t r e a t e d  

m a c r o s c o p i c a l l y :  as s p h e r i c a l  caps ,  (3,4~ m o n o l a y e r e d  d isks ,  o r  as  p o l y h e d r a l s  (5~ 

a t t a c h e d  to  t he  su r face .  A g o o d  r e v i e w  o f  t h e  g e n e r a l  p r o b l e m  o f  su r f ace  

n u c l e a t i o n  h a s  b e e n  g i v e n  b y  R o b e r t s o n  a n d  P o u n d .  (6~ 
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The atomistic theory was initially developed by Walton in 1962 and 
1963J 1'2~ In this approach the system is two-dimensional and consists of the 
surface nucleation sites and the adsorbed cluster atoms. An approximated 
partition function is formulated including configurational entropy over the 
substrate sites. Refinements have included two-dimensional entropy of each 
cluster on any one of the identical sites ~7~ and translational and rotational 
energy of the cluster. ~8> The change in Helmholtz free energy is approximated 
by the change in potential energy (essentially the binding energy) when an 
n-cluster is formed from n monomers on the surface. No attempt has been 
made to consider three-dimensional clusters, nor to include the effect of the 
overlying vapor or the bulk which has energy available in the form of surface 
tension. 

The macroscopic approach is sometimes called the capillarity approxi- 
mation because of the use of bulk surface tension in determining the energy 
of formation of the spherical caps, disks, and polyhedrals. Line tension 
along the perimeter of the cluster has also been consideredJ 9~ One of the 
most widely used theories (especially for the nucleation of ice and water) 
has been the spherical cap model. It relies not only on bulk surface tension 
but also on the radius of curvature and the contact angle. Since surface 
clusters have the added stability of the surface-to-cluster bonds, the critical 
size for the prenucleation surface clusters is expected to be considerably 
smaller than that for homogeneous nucleation from the vapor. Based on 
this observation and on the very limited experimental data, ~6~ one expects the 
range of critical sizes for most prenucleation surface clusters to be less than 
about 50 molecules. In light of this the use of bulk properties in the calcula- 
tion of cluster energies is questionable. 

We feel that the atomistic theory for surface nucleation holds the most 
promise. However, the evaluation of the canonical partition function for the 
vapor-surface cluster-bulk system is not trivial. Even if the system is re- 
stricted to the adsorption sites and adsorbed clusters, the cluster partition 
function is difficult to evaluate--expecially for polyatomic molecules. 
Recently a model has been formulated for approximating the canonical 
partition function for specific molecular clusters in the vapor ~1~ and was 
extended to a simple case of surface nucleation: ice on ice. In order to apply 
the model to more general cases of surface nucleation, we have formulated 
an expression for the concentration of clusters with n' molecules in terms of 
canonical partition functions for the n'-clusters, the vapor, and the bulk. 
This is really an extension of the existing atomistic model. It has, however, 
the added advantages of including: (1) three-dimensional clusters; (2) some 
coupling between the vapor, n'-clusters, and bulk, and (3) energy available 
from the bulk in the form of "surface tension." It gives a general expression 
for the concentration of n'-clusters on the surface solely in terms of specific 
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canonical partition functions. "Energies of formation" are not inserted or 
approximated, but in this approach are defined in terms of the partition 
functions. 

2. T H E  MODEL 

The goal is to construct a model that provides an expression for N~., 
the number of clusters with n' molecules on a specific surface, in terms of the 
canonical partition function of the #-cluster. The model assumes the follow- 
ing: 

(a) The system consists of  three components at constant temperature: 
the vapor clusters, the surface clusters, and the bulk, whose surface is the 
substrate (see Fig. 1). 

(b) The vapor clusters are a mixture of noninteracting ideal gases--each 
ideal gas being the collection of  N.  clusters with n molecules. 

(c) The surface clusters do not interact. 
(d) The clusters interact with the surface only through m(n') bonds 

between surface cluster molecules and surface molecules. 
(e) The bulk and its surface remain unchanged in structure and their 
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Fig, 1. A schematic representation of the three-component system: the vapor clusters, 
the surface clusters, and the bulk. Ns is a free surface bond, n is the number of molecules 
in a vapor cluster, and n' is the number of molecules in a surface cluster, rn is the num- 
ber of bonds between the surface cluster and the substrate. 



440 Barbara N. Hale and Jerry Kiefer 

energy states are changed only through external bonding to a surface cluster 
molecule. 

(f) The total number of molecules in the vapor clusters and the surface 
clusters remains constant: 

~ nNn + ~ n'N~. = ~) (1) 

(g) The total number of bonds available for bonding on the surface 
remains fixed: 

m(n')Un, + Ns = ~, (2) 

N~ is the number of free surface molecular bonds unattached to any surface 
cluster. In effect assumptfon (e) requires that N~ change only when a monomer 
is attached to or evaporates from the surface. 

(h) Finally, we assume that the Hamiltonian for the system is 

H = ~ N~H(Nn) + ~ Nn.H(N,~., m(n')) + Hbulk (3) 
~I=l n'=l 

and that the canonical partition function for the system can be written 

Z = Z v a p o  r c l l l s l ze r sZsu r f  . . . .  l l l s t e r s Z b u l k  (4) 

: 1-[ 1-I ZN~ (5) 
n n '  

The ideal gas assumption for the vapor clusters gives the simple form for its 
contribution to the factored partition function, as shown in Eq. (6). For the 
surface clusters we approximate the number of "s i tes"  available to an n'- 
cluster by Mz(n'), the total number of bonds available to an n'-cluster 
divided by m(n'). Assumption (c) for the surface clusters is analogous to the 
ideal gas condition imposed on the vapor clusters and gives the similar form 
for ZN,. in Eq. (6). We intend that the configurational entropy of the n' 
surface-cluster on a particular site be included in Z(n'). Zbul~, at least 
symbolically, is left unchanged, so that Z becomes 

= ]--I Z(n)u~ I~  [MI(n')Z(n')]N"' Zb,~k (6) 
z U..! 

where 

Ml(n') = [~/s-  ~vm(l')Nv+ m(n')Nn,]/m(n') (7) 

~s is the total number of available bonds on the clean substrate. For the 
present we neglect the problems associated with m(n') bonds that are not 
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adjacent or in a favorable configuration. This is a reasonable approximation 
as long as the density of clusters on the surface is low. 

The total Helmholtz free energy of the system F characterized by the 
partition function in Eq. (6) is 

F = - k T l n Z  

= - k T  ~ [N~ ln Z(n) - N. In N,~ + N,~] - kTln Zbu~k 

- k T  ~ IN., In Z(n') - N~, in Nn ,+  N~,+  N., In M~(n')] (8) 

where we have used Stirling's approximation for the factorials of N~ and N~,. 

3. D E R I V A T I O N  OF N. ,  

The system of interest is at constant temperature T and we search for 
the vapor and surface cluster size distributions N~ and N~, that minimize the 
total Helmholtz free energy F subject to the conservation of the total number 
of cluster molecules ~. Thus the following condition is imposed : 

a ( F -  A-q) = 0 (9) 

Using Eq. (8) for F and Eq. (1) for r], Eq. (9) becomes 

[in z ( . )  - In N~ - . ( a l k T ) ]  aN. 

+ ~ {in Z(n') - In N~, + In Ml(n') + n'(A/kT) 

+ ~(in Zb~k)/~N~. -- m(n') Z Wk./[M~(k')m(k')]} 8N,. = 0 (10) 

The Lagrange multiplier A is obtained from 

In Z(1) - In N~ - (a/kT) = 0 (11) 

and N~ is the same as in the case for homogeneous nucleation from the vapor 
to the liquid: 

N. = Z(n)exp(an/kr) = Z(n)[N1/Z(1)]" (12) 

Similarly, N., is given by 

l 1 * N~, = Z(n Ma(n) 
n ' # l  

[ 1 0 In Zb=lk m(n') k.~ ~ N~ 
x exp ~N,, , , + rn(k )Nk,J (13) 

This is the concentration of clusters of size n' on the surface of the bulk. 
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4. D I S C U S S I O N  OF THE RESULTS 

In order to compare the expression for N~, with the conventional form, 
Eq. (13) is rewritten as 

N,, = N1, exp( -  • (14) 

where 2~ is defined to be the "energy of formation." In making this com- 
parison we also approximate the sum in the exponent of Eq. (13) as follows: 

N~, ~ -m(n') N1, (15) 
.'-.., N~ + rn(k')Nk, Vs k," .r ~l," 

This assumes (as have the previous atomistic theories) that the concentration 
of surface monomers N~, dominates all other surface cluster concentrations 
and that 

(16) 
~J 

We also assume that the surface coverage is low, i.e., that V~ >> N~,. Using 
Eq. (15) and dividing N~, by Nt,, we obtain the following expression for 
A$/kr  : 

_ _  [ Z ( 1 ) ]  _ n'  i n  S A~kT_~ - l n  Z(n') + n' In [ - ~ o ]  

+ m(n') ~lnZb'~lk ~N~ l n (  M1 ) ~ + rn(n')Nj,__ ~ (17) 

N~ ~ is the equilibrium number of monomers in the vapor at temperature 
T, and S = N1/N1 ~ is the supersaturation ratio. 

The fourth term on the right in Eq. (17) is very similar to the term 
-a,~A~,~ in the spherical cap model for nucleation on surfaces. (3) (Here %, 
is the surface tension of the fiat substrate-vapor interface and A,,~ is the 
area of substrate covered by the n'-cluster.) This analogy is more evident 
from the following: 

{0 In Zb~lk] 
kTm(n') \ ON, ]r ( ~A ~Fbutk] 

(18) 

In this interpretation aA/aN~ is the area per available substrate bond and 
m(n') times the latter quantity is the "a rea"  of the n'-cluster-substrate 
interface A~,~. Here (eFbutk/eA), the variation in the Helmholtz free energy 
of the bulk with substrate surface area at constant temperature, is the surface 
tension %~.(12) The latter assumes surface tension is a function of temperature 
only. Thus, the fourth term in Eq. (17) accounts for the energy available from 
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the bulk when a " f r ee"  surface bond is lost. There appear to be no atomistic 
theories that include such a term in the expression for the concentration of 
n'-clusters on a substrate. 

For further comparison we rewrite N~, as follows: 

Ml(n') I_ AF , /81nZbu-~k' ~ ]  N ~ , : N l , ~ e x p  - ~ - - ~ - r n ( n ) [  ~ } T - m ( n ' )  (19) 

where 

AF/kT = - I n  Z(n') + n' In [Z(1)/NI ~ - n' in S (20) 

We note that N~, is not proportional to (M1/N~.) ~" as in previous theories and 
that the change in Helmholtz free energy AF is the difference in Helmholtz 
free energy between the n'-cluster on the surface and n' monomers in the 
vapor (instead of n' monomers on the surface). 

The canonical partition function for the surface cluster Z(n') includes: 
(1) possible translation and rotation of the center of mass of the cluster; 
(2) binding energy internal to the cluster; (3) intermolecular, intramolecular, 
and librational motions for all the cluster molecules; (4) binding energy of 
the cluster to the substrate; (5) configurational entropy of m(n') bonds on 
the "average"  site; and (6) configurational entropy of the constituent n' 
molecules in the surface cluster. These contributions to Z(n') depend on the 
substrate and the vapor and can only be appropriately treated when the 
model is applied to a specific case. 

5. C O N C L U D I N G  R E M A R K S  

Using an extension of the atomistic theory for surface nucleation, <1) we 
have formulated an expression for the concentration of molecular clusters 
adsorbed on an idealized surface. The treatment includes limited interaction 
among the vapor, the bulk, and the surface clusters and does not restrict the 
clusters to be two-dimensional. In applying the model to specific surface 
nucleation problems, the major effort will be in evaluating the canonical 
partition functions. This has, however, been outlined in some previous 
work <1~ and appears feasible for several systems. 

The surface considered in this paper is assumed to have a homogeneous 
distribution of surface bonds. The formulation and application of a similar 
model to surfaces whose absorption sites vary in binding potential is presently 
under investigation. 
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